Infima and complements in the lattice of quasi-uniformities  by de Jager, Eliza P. & Künzi, Hans-Peter A.
Topology and its Applications 154 (2007) 2117–2126
www.elsevier.com/locate/topol
Infima and complements in the lattice of quasi-uniformities ✩
Eliza P. de Jager, Hans-Peter A. Künzi ∗
Department of Mathematics and Applied Mathematics, University of Cape Town, Rondebosch 7701, South Africa
Received 1 September 2005; accepted 1 January 2006
Abstract
We show that the infimum of any family of proximally symmetric quasi-uniformities is proximally symmetric, while the supre-
mum of two proximally symmetric quasi-uniformities need not be proximally symmetric. On the other hand, the supremum of any
family of transitive quasi-uniformities is transitive, while there are transitive quasi-uniformities whose infimum with their conju-
gate quasi-uniformity is not transitive. Moreover we present two examples that show that neither the supremum topology nor the
infimum topology of two transitive topologies need be transitive. Finally, we prove that several operations one can perform on and
between quasi-uniformities preserve the property of having a complement.
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1. Introduction
In the following we continue our study [4,5] of the set q(X) of all quasi-uniformities on a set X, partially ordered
under set-theoretic inclusion ⊆. It is well known that (q(X),⊆) is a complete lattice [8, p. 2]. We shall also consider
its complete sublattice u(X) consisting of all uniformities on X.
In the first part of this article we shall study two properties of quasi-uniformities, namely proximal symmetry and
transitivity, which show distinct behavior under the supremum and infimum operations in q(X).
We will prove that while the infimum of an arbitrary family of proximally symmetric quasi-uniformities is proxi-
mally symmetric, the supremum of two proximally symmetric quasi-uniformities need not be proximally symmetric.
On the other hand, while the supremum of any family of transitive quasi-uniformities is clearly transitive, the infimum
of two conjugate transitive quasi-uniformities need not be transitive.
We then exhibit two examples showing that neither the supremum nor the infimum of two transitive topologies
need be a transitive topology.
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also establish a result that implies that the bicompletion of a complemented (T0-)quasi-uniformity is complemented.
These latter results are analogous to results on uniformities [16] that have been established by Pelant and Reiterman.
As a by-product of our investigations we obtain the result that the unique quasi-uniformity compatible with the
cofinite topology on an uncountable set is not complemented.
Throughout this article we assume that the reader is familiar with the basic results regarding quasi-uniformities
(see [8]), although below we repeat some well-known facts in order to fix our notation and terminology. In recent
years the theory of quasi-uniformities has found numerous interesting applications in topological algebra, functional
analysis and theoretical computer science (see, for instance, [1,9,17,18]).
2. Preliminaries
If U1 and U2 are two quasi-uniformities on a set X and U1 ⊆ U2, then we say that U2 is finer than U1, resp., that U1
is coarser than U2.
We shall denote the smallest element of the lattice (q(X),⊆), namely the indiscrete uniformity, by I , or IX for
clarity. Similarly we shall denote the largest element of the lattice (q(X),⊆), namely the discrete uniformity, by D,
or DX for clarity. Its induced quasi-proximity is called the discrete proximity. Quasi-uniformities belonging to the
quasi-proximity class of D are called proximally discrete. Quasi-uniformities not belonging to the quasi-proximity
class of D are called proximally nondiscrete. Of course, as usual, we put∨∅ = I and similarly∧∅ =D in the lattice
(q(X),⊆).
Note that the supremum of a family (Ui )i∈I of quasi-uniformities on a set X is the filter on X × X generated by
the subbase
⋃
i∈I Ui . This description of an explicit subbase allows one to see quite easily that several properties of
quasi-uniformities are preserved under suprema.
No similarly useful description of a subbase for the infimum of a family of quasi-uniformities is known. Therefore
corresponding results regarding infima of families of quasi-uniformities are in general much more difficult to obtain.
A quasi-uniformity U will be called symmetric provided that U = U−1, that is, provided that it is a uniformity.
Otherwise it will be called nonsymmetric. It is readily seen (compare with [4]) that the supremum and infimum of an
arbitrary family of uniformities in (q(X),⊆) is a uniformity.
It is also easy to see that the supremum of any family (and the infimum of any nonempty family) of totally bounded
quasi-uniformities is totally bounded (compare [8, p. 13]).
As usual, for a subset A of a set X we set
SA =
[
(X \A)×X]∪ [X ×A].
We recall that if X is a topological space, then the Pervin quasi-uniformity of X is generated by the subbase {SG: G is
an open subset of X}.
If A ⊆ X and U ∈ q(X), then U |A = {U ∩ (A ×A): U ∈ U} denotes the subspace quasi-uniformity on A. Finally,
ω will denote the set of nonnegative integers and Δ will denote the diagonal {(x, x): x ∈ X} of a given set X.
3. Infima of quasi-uniformities
For a quasi-uniformity U on a set X, by Uω we shall denote the finest totally bounded quasi-uniformity coarser
than U on X.
Lemma 1. Let (Ui )i∈I be a nonempty family of quasi-uniformities on a set X. Then (
∧
i∈I Ui )ω =
∧
i∈I (Ui )ω.
Proof. First note that Ui ⊇ (Ui )ω and so Ui ⊇∧j∈J (Uj )ω whenever i ∈ I. Consequently, ∧i∈I Ui ⊇∧j∈J (Uj )ω.
Since the quasi-uniformity on the right-hand side is totally bounded because I 	= ∅, we therefore have that
(
∧
i∈I Ui )ω ⊇
∧
j∈I (Uj )ω.
Similarly Uj ⊇ ∧i∈I Ui and so Uj ⊇ (∧i∈I Ui )ω and (Uj )ω ⊇ (∧i∈I Ui )ω whenever j ∈ I. Consequently∧
(Uj )ω ⊇ (∧ Ui )ω. The assertion follows. j∈J i∈I
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V such that (U ∨ V)ω 	= Uω ∨ Vω. Indeed, in this example U and V belong to the same quasi-proximity class, but
U ∨ V belongs to a strictly finer quasi-proximity class (see also Example 1 below).
A quasi-uniformity U is called proximally symmetric or Smyth symmetric [7] provided that its induced quasi-
proximity is a proximity. Of course, a proximally symmetric totally bounded quasi-uniformity is a uniformity.
Lemma 2. Let U be a quasi-uniformity on X. Then U and U−1 belong to the same quasi-proximity class if and only
if U is proximally symmetric.
Proof. If U and U−1 belong to the same quasi-proximity class, then Uω = (U−1)ω. Since (Uω)−1 = (U−1)ω by [8,
Corollary 1.40(b)], we conclude that Uω is proximally symmetric. On the other hand, if U is proximally symmetric,
then Uω = (Uω)−1, thus Uω = (U−1)ω, and so U and U−1 belong to the same quasi-proximity class. 
Proposition 1. The infimum of any family of proximally symmetric quasi-uniformities is proximally symmetric.
Proof. The statement is obvious for the empty family of quasi-uniformities on a set X, since
∧∅ =D is proximally
symmetric. Let (Ui )i∈I be a nonempty family of proximally symmetric quasi-uniformities on a set X. Note first that
((
∧
i∈I Ui )ω)−1 = ((
∧
i∈I Ui )−1)ω by [8, Corollary 1.40(b)]. Then ((
∧
i∈I Ui )−1)ω = (
∧
i∈I U−1i )ω, since the conju-
gation and infimum operations commute [4, Introduction]. Furthermore, by Lemma 1, (∧i∈I U−1i )ω =∧i∈I (U−1i )ω.
By [8, Corollary 1.40(b)], ∧i∈I (U−1i )ω = ∧i∈I ((Ui )ω)−1. Since for each i ∈ I, Ui is proximally symmetric, we
know that ((Ui )ω)−1 = (Ui )ω. Hence ∧i∈I ((Ui )ω)−1 =∧i∈I (Ui )ω = (∧i∈I Ui )ω by Lemma 1. We have shown that∧
i∈I Ui is proximally symmetric. 
Our next example shows that the supremum of two proximally symmetric quasi-uniformities need not be prox-
imally symmetric. Of course these two quasi-uniformities cannot be conjugate, since any uniformity is proximally
symmetric.
Example 1. Let Q be a nonsymmetric quasi-uniformity on a set X that is proximally symmetric. (For instance, we
can choose any proximally discrete anti-atom of (q(X),⊆)—compare [4].) We are going to show that the quasi-
uniformities Qω × Q and Q−1 × Qω are both proximally symmetric, but that their supremum Q−1 × Q is not
proximally symmetric.
Proof. Note first that the conjugate quasi-uniformity of Q−1 ×Q on X ×X is Q×Q−1.
We have (Qω ×Q)ω =Qω ×Qω by [8, Proposition 1.54]. Similarly, (Q−1 ×Qω)ω = (Q−1)ω ×Qω = (Qω)−1 ×
Qω =Qω ×Qω, since Q is proximally symmetric. Hence the two quasi-uniformities Qω ×Q and Q−1 ×Qω under
consideration belong to the same quasi-proximity class. They are proximally symmetric, since Qω is a uniformity. It
remains to show that their supremum Q−1 ×Q is not proximally symmetric.
Since Q is nonsymmetric, there is W ∈ Q \ Q−1. Choose V ∈ Q such that V 3 ⊆ W. Note that V is strongly
contained in W (see [8, p. 11]) with respect to the quasi-proximity on X × X induced by Q−1 ×Q: Indeed we have⋃
(x,y)∈V (V −1(x)× V (y)) ⊆ V 3 ⊆ W.
However, V is not strongly contained in W with respect to the quasi-proximity induced by the conjugate quasi-
uniformityQ×Q−1: Suppose otherwise. Then there is S ∈Q such that⋃(x,y)∈V (S(x)×S−1(y)) ⊆ W. In particular,
S−1 ⊆ W and thus W ∈Q−1—a contradiction. We conclude by Lemma 2 that the quasi-uniformity Q−1 ×Q is not
proximally symmetric. 
Remark 1. It follows from Proposition 1 that each quasi-uniformity is contained in a smallest proximally symmetric
quasi-uniformity finer than it.
A quasi-uniformity is called transitive provided that it has a base consisting of transitive entourages. By the descrip-
tion of the standard subbase of the supremum of a family of quasi-uniformities provided in Section 1 we immediately
conclude that the supremum of any family of transitive quasi-uniformities on a set is transitive. In particular, each
quasi-uniformity contains a finest transitive quasi-uniformity coarser than it.
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Lemma 3. Let (X, τ) be a topological space and let τ ′ be the finest completely regular topology on X coarser than τ.
Let C∗ be the finest compatible totally bounded uniformity on the completely regular space (X, τ ′).
Furthermore, let P (resp., P ′) be the Pervin quasi-uniformity of (X, τ) (resp., (X, τ ′)).
Then C∗ =P ′ ∧ (P ′)−1 =P ∧P−1.
Proof. It is obvious that V :=P ∧P−1 is a totally bounded uniformity. Furthermore C∗ ⊆ P ′, since the Pervin quasi-
uniformity is the finest compatible totally bounded quasi-uniformity on (X, τ ′) [8, p. 28]. Of course, also P ′ ⊆ P ,
because τ ′ ⊆ τ.
Hence C∗ ⊆ P−1 and C∗ ⊆ V , since C∗ is a uniformity. Therefore τ ′ = τ(C∗) ⊆ τ(V) ⊆ τ(P) = τ. Since τ ′ is the
finest completely regular topology contained in τ, we conclude that τ(C∗) = τ(V). Because V is a compatible totally
bounded uniformity on (X, τ ′), then V must be equal to C∗. Hence C∗ =P ′ ∧ (P ′)−1 =P ∧P−1. 
Corollary 1. The infimum of two conjugate transitive totally bounded quasi-uniformities need not be transitive.
Proof. It is known [8, Theorem 6.4] that a completely regular space is strongly zero-dimensional if and only if
its finest compatible totally bounded uniformity C∗ is transitive. Hence it suffices to take any non-strongly zero-
dimensional completely regular space X and its transitive totally bounded Pervin quasi-uniformity P , and then to
consider the nontransitive uniformity C∗ =P ∧P−1 on X (compare with Example 2). 
Example 2. Let I = [0,1] be the unit interval of the reals equipped with its usual compact Hausdorff topology and
let P be its transitive Pervin quasi-uniformity. Then P ∧P−1 is the unique compatible uniformity on I, which is not
transitive.
In the sequel we shall find it helpful to make use of the following notation. If τ is a topology on X, then P(τ )
denotes the Pervin quasi-uniformity of τ. If there is no danger of confusion, P(τ ) will be abbreviated simply by P,
as above. Similar conventions will be used for other functorial quasi-uniformities (compare [3]).
Remark 2. Let us finally mention an important case where transitivity is preserved under the infimum operation: If U
is a quasi-uniformity on a set X, then Uω can be written as the infimum of U with the transitive totally bounded Pervin
quasi-uniformity of the topology induced by U , which according to our convention above we denote by P(τ (U)) (see
[15]). It is known that Uω is transitive provided that U is transitive [8, Lemma 6.3]. Hence U ∧P(τ (U)) is transitive
whenever U is transitive.
In order to present our results about transitivity of topological spaces that were mentioned in Section 1, we need
some auxiliary results.
In the following, the lattice of all topologies on a set X will be denoted by (t (X),⊆). For fixed X we shall consider
“canonical (compatible) quasi-uniformities on t (X)” as described in the next lemma. We note that any functorial
quasi-uniformity in the sense of Brümmer [3] is canonical in this sense for any X. In particular, we are mainly
interested in the Pervin quasi-uniformity P resp. the fine quasi-uniformity F (of a topological space), which both are
well known to be functorial.
Lemma 4. Let S : (t (X),⊆) → (q(X),⊆) be an increasing function (that is, τ1 ⊆ τ2 implies S(τ1) ⊆ S(τ2) whenever
τ1, τ2 ∈ t (X)) that equips each topology τ on X with a quasi-uniformity S(τ) inducing τ . Then the quasi-uniformity∧
i∈I S(τi) induces the topology
⋂
i∈I τi .
Proof. Since
⋂
i∈I τi ⊆ τj whenever j ∈ I, clearly S(
⋂
i∈I τi) ⊆ S(τj ) whenever j ∈ I . It follows that S(
⋂
i∈I τi) ⊆∧
j∈I S(τj ).
Therefore
⋂
i∈I τi = τ(S(
⋂
i∈I τi)) ⊆ τ(
∧
j∈I S(τj )). Furthermore
τ
(∧
i∈I
S(τi)
)
⊆ τ(S(τj ))= τj
whenever j ∈ I. Thus we conclude that τ(∧i∈I S(τi)) ⊆⋂j∈I τj . Consequently ∧i∈I S(τi) induces ⋂j∈I τj . 
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Proof. By the preceding argument we know that S(
⋂
i∈I τi) ⊆
∧
j∈I S(τj ). Furthermore,
∧
j∈I S(τj ) is a compatible
quasi-uniformity on
⋂
i∈I τi .
Hence
∧
j∈I F(τj ) ⊆ F(
⋂
i∈I τi), because F(
⋂
i∈I τi) is the finest compatible quasi-uniformity of
⋂
i∈I τi . We
conclude that the stated equality holds for the fine quasi-uniformity.
Since the Pervin quasi-uniformity is the finest among the totally bounded quasi-uniformities inducing a given
topology [8, p. 28], the analogous argument yields that ∧j∈I P(τj ) ⊆ P(⋂i∈I τi), because the quasi-uniformity
on the left-hand side is clearly totally bounded, since I 	= ∅. Hence the stated equality holds for the Pervin quasi-
uniformity, too. 
We note however that if τ1 and τ2 are two topologies on a set X, it need not be the case that P(τ1) ∨ P(τ2) =
P(τ1 ∨ τ2): Our next example shows that this equality stated in the middle of p. 338 of [2] is incorrect.
Example 3. Let X =R, let τ be the usual topology on R, τ1 = {∅,R}∪ {(−∞, x): x ∈ R}, τ2 = {∅,R}∪ {(x,∞): x ∈
R} and G =⋃{(n,n+ 1): n ∈ ω}. Note that τ1 ∨ τ2 = τ and G ∈ τ .
Assume now that SG ∈ P(τ1) ∨ P(τ2). Then there is a finite subcollection L of τ1 and a finite subcollection H
of τ2 such that
⋂
L∈L SL ∩
⋂
H∈H SH ⊆ SG. Without loss of generality, we can assume that each member of L ∪H
is proper and nonempty. Set now G1 =⋃L and G2 =⋂H. By definition of the sets SL and SH it follows that
[(X \G1)×G2] ⊆⋂L∈L SL ∩⋂H∈H SH ⊆ SG.
It is however easily seen that (X \ G1) × G2 will always contain points of G × (X \ G). From this contradiction
we conclude that SG /∈ P(τ1)∨P(τ2). Hence P(τ1 ∨ τ2) 	=P(τ1)∨P(τ2).
A similar example for the fine quasi-uniformity is described in the following. For the construction we shall make
use of a result proved only in the next section, namely that the unique compatible quasi-uniformity of the cofinite
topology on an uncountable set X does not possess a complement in (q(X),⊆) (compare with Corollary 4 below).
Example 4. Let τ be the cofinite topology on an uncountable set X and let σ be a complement of τ in the lat-
tice (t (X),⊆) (we recall that the lattice (t (X),⊆) is complemented; see for instance [19]). Since F(τ ) ∧ F(σ ) =
F(τ ∩ σ) = I by Corollary 2 and the unique compatible quasi-uniformity on (X, τ) does not have a complement by
Corollary 4, we conclude that D =F(τ ∨ σ) cannot be equal to F(τ )∨F(σ ).
Our next example will show that surprisingly the equality of Corollary 2 does not hold for another functorial quasi-
uniformity, namely the fine transitive quasi-uniformity FT (that is, the finest compatible transitive quasi-uniformity
on a topological space [8, p. 30]), even if the considered family I has only two elements.
Recall first that a topological space is called transitive [8, p. 130] provided that its fine quasi-uniformity coincides
with its fine transitive quasi-uniformity.
Note also that in order to prove the statement above it will suffice to construct two transitive topologies τ1 and τ2
on a set X such that their intersection (infimum in the lattice of topologies) is not transitive, since then by Corollary 2
we have FT (τ1 ∩ τ2) ⊂F(τ1 ∩ τ2) =F(τ1)∧F(τ2) =FT (τ1)∧FT (τ2).
The basic idea of our construction will be outlined in the following remark. We begin by recalling some facts about
accumulation points in topological spaces.
In a topological space X, a point x ∈ X is called an accumulation point of a subset A of X provided that x ∈ A \ {x}.
For any subset A of a topological space X, Ad will denote the set of accumulation points of A.
It is well known that clτA = Ad ∪A for any subset A of a topological space.
Remark 3. Let (X, τ) be a topological space. Set Y = X × {0,1}. For i ∈ {0,1} define a topology τi on Y as fol-
lows: All points of X × {i} are isolated. Basic neighborhoods at a point (x,1 − i) of Y with x ∈ X are of the form
((G \ {x})× {i})∪ {(x,1 − i)} where G is an arbitrary τ -open subset of X containing x.
Set σ = τ0 ∩ τ1. Observe that clτi (A×{i}) = (A×{i})∪ (Ad ×{1 − i}) and clτi (A×{1 − i}) = A×{1 − i} where
A ⊆ X and the accumulation points of A are computed in the space (X, τ).
Let C be any subset of Y. Write C = (C0 × {0})∪ (C1 × {1}) where C0,C1 ⊆ X.
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Indeed C is closed in (Y,σ ) if and only if C is closed both in (Y, τ0) and (Y, τ1). But the condition that clτiC = C
for both i = 0 and i = 1 is equivalent (by the two closure formulas stated above) to the statement that Cdi ⊆ Ci−1 in
(X, τ) whenever i ∈ {0,1}.
Let the equivalence relation ∼ on Y be defined by identifying (x,0) with (x,1) whenever x ∈ X.
Suppose now that C is a ∼-saturated subset in (Y,σ ), that is C0 = C1 holds, in the notation just introduced.
Then C is closed in (Y,σ ) iff (Cd0 ⊆ C0) in (X, τ) iff C0 is closed in (X, τ). We conclude that the map h defined
by {(x,0), (x,1)} → x yields a homeomorphism between the topological quotient space (Y/∼, σ/∼) and the space
(X, τ).
We finally note that the quotient map q : (Y,σ ) → (Y/∼, σ/∼) is closed: We have to show that for each closed set
C in (Y,σ ), its ∼-saturated hull q−1qC is closed in (Y,σ ). So let C be an arbitrary closed subset of (Y,σ ). Then we
set, as above, C = (C0 × {0}) ∪ (C1 × {1}). The saturated hull of C is (C0 ∪ C1) × {0,1}. The latter set is closed in
(Y,σ ) iff C0 ∪C1 is closed in (X, τ), as we have just observed.
But by the criterion above, closedness of C in (Y,σ ) implies that Cd0 ⊆ C1 and Cd1 ⊆ C0, that is (C0 ∪ C1)d =
Cd0 ∪Cd1 ⊆ C1 ∪C0, in (X, τ). Hence C0 ∪C1 is closed in (X, τ) and thus the map q is closed.
We are finally ready to present our example showing that the intersection of two transitive topologies need not be
transitive.
Example 5. Let (X, τ) be the Kofner plane [8, p. 147]. Construct (Y, τ0) and (Y, τ1) as defined above with the
Tychonoff space X as the starting space. We observe that both these constructed spaces are the union of two subspaces
X × {0} and X × {1} which are discrete and hence transitive. Note also that for i ∈ {0,1}, X × {i} is open in τi . It
follows from [8, Lemma 6.16] that both spaces (Y, τ0) and (Y, τ1) are transitive. (This fact can also be readily checked
directly.)
Set now σ = τ0 ∩ τ1 on Y and consider the quotient space (Y/∼, σ/∼) as defined in Remark 3. As observed
there, the quotient map q : (Y,σ ) → (Y/∼, σ/∼) is closed and (Y/∼, σ/∼) is homeomorphic to (X, τ), which in this
example by assumption is the Kofner plane. Since the Kofner plane is not transitive [8, Example 6.32] and since the
closed continuous image of a transitive space is transitive by [8, Proposition 6.20], we conclude that (Y,σ ) cannot be
transitive. Hence both topologies τ0 and τ1 are transitive, but τ0 ∩ τ1 is not a transitive topology on Y and we are done.
For the sake of completeness we also wish to present an example showing that the supremum of two transitive
topologies need not be transitive.
Recall that a binary relation V on a topological space X is said to be a neighbornet provided that V (x) = {y ∈ X:
(x, y) ∈ V } is a neighborhood of x whenever x ∈ X.
Example 6. Let X = R2. For each r ∈ R2 and each n ∈ N let Sn(r) be the open disk of radius 2−n lying above
the horizontal line through r and tangent to this line at r. Similarly S−1n (r) will denote the open disk of radius 2−n
lying below the horizontal line through r and tangent to this line at r. We define a new topology κ on R2 with basic
neighborhoods Kn(r) = S−1n (r) ∪ {r} ∪ Sn(r) (n ∈ N) at r ∈ R2. It is known that (R2, κ) is transitive (compare [12,
Example 1]), since it is an orthocompact semi-metrizable space. Let β be the Sorgenfrey topology on R and let ρ be
the Euclidean topology on R. We next argue that R2 equipped with the product topology ρ × β is transitive:
Clearly both (R, ρ) and (R, β) are quasi-metrizable suborderable spaces with a σ -discrete dense set. Hence, ac-
cording to [11, Theorem 5], each space possesses a basic sequence of transitive neighbornets (Ui)i∈ω such that for
each point x and each Ui every sequence of points xk → x has a subsequence (yk)k∈ω with Ui(yk) ⊆ Ui(yk+1)
whenever k ∈ ω. Evidently then, (R2, ρ × β) has a similar sequence of neighbornets (compare [11, Proposition 4]).
Therefore, according to [11, Proposition 2], (R2, ρ × β) is transitive.
But then (R2, κ ∨ (ρ ×β)) is clearly homeomorphic to the Kofner plane and therefore nontransitive, although both
κ and ρ × β are transitive topologies on R2.
Remark 4. A slight modification of Example 6 yields a simpler, but maybe less attractive example: Replace the
transitive space (R2, ρ × β) by the space (R2, α × β) where α denotes the indiscrete topology on R. Since (R, β) is
transitive [8, Theorem 6.30], the space (R2, α × β) is readily seen to be transitive. Observe then that κ ∨ (ρ × β) =
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the definition see [8, p. 3]) on R2 such that τ(q) ⊆ α × β satisfies q((x1, y1), (x2, y2)) = q((0, y1), (0, y2)), since
q((x, y), (0, y)) = q((0, y), (x, y)) = 0, whenever x1, x2, y1, y2, x, y ∈R.)
4. More about quasi-uniform complements
We recall the following concept from lattice theory. A quasi-uniformity V is a complement of a quasi-uniformity
U in the lattice (q(X),⊆) provided that V ∨ U = D and V ∧ U = I. Let us mention that some results regarding
complements in (q(X),⊆) are contained in [4].
We shall first show that on an uncountable set X there are always topologies that do not admit any quasi-uniformity
having a complement in (q(X),⊆).
Lemma 5. Let U be a quasi-uniformity on a set X inducing the discrete topology such that for each U ∈ U there is an
x ∈ X where X \U(x) is finite. Then U does not have a complement in (q(X),⊆).
Proof. In order to reach a contradiction, suppose that V is a complement of U in (q(X),⊆). There are U ∈ U and
V ∈ V such that U ∩V = Δ. By our assumption there is an x ∈ X such that X \U(x) is finite. Thus S := intτ(V)V (x)
is nonempty and finite. Therefore it is compact and open both in (X, τ(U)) and (X, τ(V)). It follows that S is strongly
contained in itself with respect to the quasi-proximities δU and δV (see [8, Proposition 1.43]). Consequently by [8,
Theorem 1.33] we have [(X \S)×X] ∪ [X×S] ∈ U ∩V—contradicting the fact that U ∧V = I. We have shown that
U does not have a complement in (q(X),⊆). 
A nonempty topological space is called irreducible (see, e.g., [10]) if each pair of nonempty open sets intersects.
Corollary 3. Let V be the Pervin quasi-uniformity (or the well-monotone quasi-uniformity—for the definition see for
instance [6]) of an irreducible T1-space X. Then V does not have a complement in (q(X),⊆).
Proof. Let P be an entourage of V . By (hereditary) precompactness of V−1 (see [14, p. 327]) there is a finite subset
F ⊆ X such that P−1(F ) = X. Since X is irreducible, there is an x ∈⋂f∈F P (f ). Thus P−2(x) = X.
Furthermore, since X is a T1-space, we have that[{y} ×X]∪ [X × (X \ {y})] ∈ V
whenever y ∈ X. Hence τ(V−1) is discrete.
By applying Lemma 5 to the quasi-uniformity V−1, we conclude that V−1 has no complement in (q(X),⊆). Hence
V does not have a complement in (q(X),⊆). 
Corollary 4. (a) The cofinite topology on an uncountable set X does not admit a quasi-uniformity that has a comple-
ment in (q(X),⊆), since its unique compatible quasi-uniformity (see [13]) does not have a complement in (q(X),⊆)
by Corollary 3.
(b) The Pervin quasi-uniformity P(τ ) of the cofinite topology τ on a countably infinite set X yields a quasi-
metrizable quasi-uniformity that does not have a complement in (q(X),⊆), by Corollary 3. (The Pervin quasi-
uniformity P(τ ) is quasi-metrizable, since τ is countable and thus P(τ ) has a countable base.)
Example 7. We note that the fine quasi-uniformity F(τ ) of the cofinite topology τ on the countably infinite set ω
possesses a complement, namely the quasi-uniformity V generated by the base {}, where  denotes the usual linear
order on ω.
Proof. Indeed consider any U ∈F(τ ). Let (n,m) ∈ ω×ω. Clearly there is an x ∈ ω such that (n, x) ∈ U and x m.
Thus (ω ×ω) ⊆ (U∪)2 and therefore V ∧F(τ ) = I.
Obviously∈F(τ ) and ∩= Δ. Therefore V ∨F(τ ) =D and we are finished. 
Example 8. If the fine quasi-uniformity of a topological space (X, τ) contains all neighbornets of X, then it is com-
plemented in (q(X),⊆).
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e.g., [19]), that is, in the complement each point of X has a smallest neighborhood.
So let σ be such a complement of τ and let S(x) be the smallest σ -neighborhood of x ∈ X. Furthermore let S =⋃
x∈X({x}×S(x)). ClearlyF(σ ) is generated by the base {S}. As noted in Corollary 2, I =F(σ ∩τ) =F(σ )∧F(τ ),
because I is the fine quasi-uniformity of the indiscrete topology. Since σ ∨ τ is the discrete topology, for each x ∈ X
there is a τ -open neighborhood g(x) such that S(x)∩ g(x) = {x}. Set G =⋃x∈X({x} × g(x)). Since G∩ S = Δ and
G belongs to F(τ ) by our assumption on (X, τ), we conclude that F(σ )∨F(τ ) =D. Hence the statement holds. 
Our next result improves on Example 7.
Corollary 5. The fine quasi-uniformity of each countable T1-space X has a complement in (q(X),⊆).
Proof. By [8, Proposition 6.25] each countable T1-space X has the property that each neighbornet belongs to the fine
quasi-uniformity of X. 
Problem 1. Does each topological space on a countably infinite set X admit a quasi-uniformity that has a complement
in (q(X),⊆)?
Example 9. Equip the set X = {0} ∪ { 1
n+1 : n ∈ ω} with its usual compact Hausdorff topology. Let {Un: n ∈ ω} be
a base consisting of symmetric entourages for the unique compatible uniformity U on X. Then U does not have a
complement in (q(X),⊆) and hence the topological space X does not admit any uniformity having a complement in
(q(X),⊆).
Proof. We refine the argument used to establish Lemma 5. So suppose the contrary and let V be a complement of U
in (q(X),⊆). There are n ∈ ω and V ∈ V such that U2n ∩ V = ΔX. Let p ∈ ω such that p  2 and (X ∩ [0, 1p−1 )) ⊆
Un(0). Then 0 ∈ Un( 1p ) and hence (X ∩ [0, 1p−1 )) ⊆ U2n ( 1p ). Therefore U2n ( 1p ) is cofinite in X. Set S = intτ(V)V ( 1p ).
Obviously S 	= ∅ and 0 /∈ S, because (U2n ∩ V )( 1p ) = { 1p }. Furthermore S is compact (indeed finite) and open in the
spaces (X, τ(U)) as well as (X, τ(V)). It follows as in the proof of Lemma 5 that [(X \ S) × X] ∪ [X × S] ∈ U ∩ V,
contradicting that U ∧ V = I. We conclude that U does not have a complement in (q(X),⊆). 
It is known that each compatible uniformity on a resolvable completely regular space X is complemented in
(q(X),⊆) (see [4, Proposition 8]). This suggests the following natural question.
Problem 2. Which topological spaces X admit only quasi-uniformities that are complemented in (q(X),⊆)?
We finally present some results regarding operations on or between quasi-uniformities which preserve the property
of having a complement. These results have been generalized (to differing degrees) from corresponding results for
u(X), originally due to [16].
Proposition 2. Suppose that X and Y are disjoint sets, the quasi-uniformity U on X has a complement in (q(X),⊆)
and similarly the quasi-uniformity V on Y has a complement in (q(Y ),⊆). Then the sum of U and V (given by
{U ∪ V : U ∈ U,V ∈ V} on X ∪ Y ) has a complement in (q(X ∪ Y),⊆).
Proof. We choose arbitrary but fixed points x0 ∈ X and y0 ∈ Y. We will denote the sum of U and V by U +V . Let U ′
and V ′ be complements of U and V, respectively.
Consider all sets of the form
[U ∪ V ] ∪ [U−1(x0)× V (y0)]∪ [V −1(y0)×U(x0)]
for U ∈ U ′ and V ∈ V ′. Using the disjointness of X and Y, one readily checks that the collection of these binary
relations yields a base for a quasi-uniformity H on X ∪ Y.
First we show that H ∧ (U + V) = IX∪Y . So suppose that Q is a quasi-uniformity on X ∪ Y such that Q ⊆ H
and Q ⊆ U + V . Then Q|X ⊆ U and Q|Y ⊆ V . By the way that H was defined, we have that H|X ⊆ U ′ and hence
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thus (x0, y0) ∈ Q for every Q ∈ Q. If x ∈ X and y ∈ Y , we have (x, y) ∈ Q3, since (x, x0) ∈ Q and (y0, y) ∈ Q,
because Q|X = IX and Q|Y = IY . Similarly (y, x) ∈ Q3 for all x ∈ X and y ∈ Y . It follows that Q= IX∪Y .
Now we must show that H ∨ (U + V) = DX∪Y . We have H|X = U ′ and H|Y = V ′ and hence H|X ∨ U = DX
and H|Y ∨ V = DY . Thus there are H1 ∈H and U ∈ U such that H1 ∩ U = ΔX , and H2 ∈H and V ∈ V such that
H2 ∩ V = ΔY . So (H1 ∩H2)∩ (U ∪ V ) = ΔX∪Y , as needed. 
Proposition 3. Let U have a complement U ′ in (q(X),⊆) and V have a complement V ′ in (q(Y ),⊆). Then U ′ ×V ′ is
a complement of U × V in (q(X × Y),⊆).
Proof. In this proof, πX and πY will denote the projections from X × Y onto X and Y, respectively.
Write H = U × V , and let H′ = U ′ × V ′. We prove that H′ is a complement of H. First we show that H ∧H′ =
IX×Y .
Let Q be a quasi-uniformity on X × Y such that Q⊆H and Q⊆H′.
For each Q ∈Q set QX = {(q1, q2) ∈ X × X: ((q1, y), (q2, y)) ∈ Q whenever y ∈ Y }. It is readily checked that
{QX: Q ∈Q} is a base of a quasi-uniformityQX on X satisfyingQX ⊆ U andQX ⊆ U ′. ThusQX = IX. Analogously
one defines QY and shows that QY = IY .
Now suppose that Q ∈Q and consider arbitrary x, a ∈ X and y, b ∈ Y . As we have just seen, we have (x, a) ∈ QX
and (y, b) ∈ QY . Hence ((x, y), (a, y)) ∈ Q and similarly ((a, y), (a, b)) ∈ Q, and therefore ((x, y), (a, b)) ∈ Q2. It
follows that Q= IX×Y .
Now we show H∨H′ =DX×Y . Since U ∨ U ′ =DX , we can find a U ∈ U and a U ′ ∈ U ′ such that U ∩U ′ = ΔX .
Similarly there are a V ∈ V and a V ′ ∈ V ′ such that V ∩ V ′ = ΔY . It is not hard to see that(
(πX × πX)−1(U)∩ (πY × πY )−1(V )
)∩ ((πX × πX)−1(U ′)∩ (πY × πY )−1(V ′))= ΔX×Y . 
Proposition 4. Suppose that (Y,V) is a quasi-uniform space and that X is a dense subset of Y with respect to both
τ(V) and τ(V−1). If the restriction U of V to X has a complement U ′ in (q(X),⊆), then V has a complement in
(q(Y ),⊆) that extends U ′ to Y.
Proof. Let V ′ be the quasi-uniformity with the base {U ′ ∪ΔY : U ′ ∈ U ′}. Clearly V ′|X = U ′.
We show that V ′ is a complement of V in (q(Y ),⊆). We know that there are U ∈ U and U ′ ∈ U ′ such that
U ∩ U ′ = ΔX . Now we have that U = V ∩ (X × X) for some V ∈ V . If we set V ′ = U ′ ∪ ΔY , then V ′ ∈ V ′ and
V ∩ V ′ = ΔY . Thus V ∨ V ′ =DY .
Let W be a quasi-uniformity on Y such that W ⊆ V and W ⊆ V ′. Then W|X ⊆ U and W|X ⊆ U ′. Hence W|X =
IX . Let y1, y2 ∈ Y be given. Consider any W ∈W and suppose that T ∈W such that T 3 ⊆ W . We have that X is
dense in (Y, τ (V)), and hence there is an x1 ∈ X such that (y1, x1) ∈ T . Furthermore X is dense in (Y, τ (V−1)) and
hence there is also an x2 ∈ X such that (x2, y2) ∈ T . Since (x1, x2) ∈ T , it follows that (y1, y2) ∈ T 3 ⊆ W . Hence
W = IY and therefore V ∧ V ′ = IY . 
Corollary 6. Let (X,U) be a quasi-uniform (T0-)space with bicompletion (X˜, U˜). If U is complemented in (q(X),⊆),
then U˜ is complemented in (q(X˜),⊆).
Proof. It is well known that X is dense in (X˜, τ (U˜ ∨ (U˜−1))) [8, p. 64]. So we can apply Proposition 4 in order to
obtain the stated result. 
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